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ABSTRACT 
 
The SEISS Level 2 Density and Temperature Moments and Level of Spacecraft Charging 
algorithm calculates the densities and temperatures of electrons and ions/protons from 1-
minute averages of Magnetospheric Particle Sensor (MPS) fluxes.  Densities and 
temperatures are calculated over three energy ranges, one covered by MPS-LO and two 
covered by MPS-HI.  Two temperatures per energy range are provided, one of the 
distribution perpendicular to the Earth’s magnetic field, and one of the distribution 
parallel to the field.  A measure of the particle distribution anisotropy is calculated from 
the parallel and perpendicular temperatures.  The algorithm uses measurements from the 
GOES-R+ Magnetometer to calculate the time-varying pitch angles of the particles 
measured by each telescope/zone.  It estimates the pitch angle distribution on a regular 
grid by accounting for the finite angular response of the telescopes/zones.  The algorithm 
also identifies electron and ion signatures of spacecraft surface (frame) charging in the 
the MPS-LO fluxes.  From these observations, or, in the absence of clear signatures, from 
the electron temperature, it estimates the spacecraft charging voltage and uses this to 
correct the measured MPS-LO spectra for the effective change in particle energy prior to 
calculating the moments.  This document describes the theoretical basis of the algorithm; 
the exception handling built in to the algorithm; the inputs, outputs and data flow; and 
assumptions and limitations. 
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1.0 INTRODUCTION 
 
 

1.1 Purpose of This Document 
The purpose of this document is to describe the SEISS Level 2 algorithm that calculates 
density and temperature moments from 1-minute averages of Magnetospheric Particle 
Sensor (MPS) electron and ion/proton measurements, and estimates the level of 
spacecraft surface (frame) charging from MPS-LO measurements.  It provides the 
operational requirements for this Level 2 product and defines how these requirements are 
met with this algorithm.  The algorithm inputs, processing steps, and outputs are 
described in sufficient detail to support the design, development, testing, validation and 
implementation of the algorithm in the final operational processing system.   

1.2 Who Should Use This Document 
All scientific and operational users of the product, both within and outside NOAA, 
should study this ATBD in order to understand the meaning of the product and the 
strengths and limitations of the algorithm.   

1.3 Inside Each Section 
Section 2.0 OBSERVING SYSTEM OVERVIEW: 
Describes the SEISS MPS and MAG instruments and the measurements that serve as 
input to the algorithm. 
 
Section 3.0 ALGORITHM DESCRIPTION:  
Describes the development, theory and mathematics of the algorithm. Describes the 
logical flow of the algorithm, including input and output flow. 
 
Section 4.0 TEST DATA SETS AND OUTPUTS: 
Describes the test data sets used to characterize the performance of the algorithm and the 
data product quality.  Describes the results from the algorithm processing on simulated 
input data. 
 
Section 5.0 PRACTICAL CONSIDERATIONS:  
Discusses issues involving numerical computation, programming and procedures, quality 
assessment and diagnostics and exception handling. 
 
Section 6.0 ASSUMPTIONS AND LIMITATIONS: 
Describes assumptions regarding input data contents and formats; instrument 
performance and characterization data; and potential future changes and improvements. 
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Section 7.0 REFERENCES:  
Provides all references mentioned in the ATBD. 

1.4 Related Documents 
 
GOES-R Series Mission Requirements Document (MRD), P417-R-MRD-0070, Version 

3.1, December 5, 2007. 
 
Space Environment In-Situ Suite (SEISS) Performance and Operational Requirements 

Document (PORD), 417-R-SEISSPORD-0030, Baseline Version 2.0, November 
16, 2005. 

 

1.5 Revision History 
See p. 5 
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2.0 OBSERVING SYSTEM OVERVIEW 
 
 

2.1 Product Generated 
The SEISS Density and Temperature Moments and Level of Spacecraft Charging 
algorithm produces partial moments (number densities and parallel and perpendicular 
temperatures) of electrons and ions/protons in three energy ranges: 0.03-30 keV, 50-700 
keV, and 700-4000 keV. It also produces an estimate of the level of spacecraft surface 
(frame) charging and (when observed) the barrier potential that is trapping locally 
generated electrons.  An anisotropy measure is calculated for each species in each energy 
range as well. 
 
Although they are intermediate products, the central pitch angles for all zones and 
telescopes are preserved in the output since they are important to the user community.  
Quality flags are also provided. 

2.2 Instrument Characteristics 
The SEISS is the primary instrument and the Magnetometer is the secondary instrument 
for this product.  It is an MRD requirement that the SEISS be located on a satellite with a 
magnetometer; the Moments algorithm provides part of the rationale for this requirement.   
 
The SEISS operational requirements and characteristics are detailed in the GOES-R 
Series Mission Requirements Document (MRD, P417-R-MRD-0070) and the SEISS 
Performance and Operational Requirements Document (PORD, 417-R-SEISSPORD-
0030).  The requirements pertaining specifically to magnetospheric electrons and protons, 
which are pertinent to the Moments algorithm, are specified in sections 3.3.6.1.2, 
3.3.6.1.3, and 3.4.5 of the MRD and sections 3.2.2 and 3.2.5 of the PORD. 
 
Further description of the instruments is not possible at this time because the information 
may be restricted under Non-Disclosure Agreements.   
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3.0 ALGORITHM DESCRIPTION 

3.1 Algorithm Overview 
The basic rationale for calculating moments of a particle distribution is to reduce tens or 
hundreds of flux measurements to a few parameters that are useful in practical 
applications. In a bi-Maxwellian distribution with zero drift velocity, three parameters 
(number density and the temperatures perpendicular and parallel to the magnetic field) 
specify the distribution completely (see Appendix A).  Maxwellians are in general only 
approximations (and usually poor approximations) to actual distributions measured in 
space.  However, the number density and equivalent temperatures for a measured 
distribution can still be calculated using moment integrals over the distribution. 
 
There are applications in which the particle distribution is desired rather than moments.  
In these cases, the pitch angles will be needed by users of the particle distributions.  
These intermediate products of the moments algorithm are preserved as L2 outputs. 
 
Due to practical measurement limitations, moments are restricted to portions of the full 
energy spectrum of particles in space, and therefore are in reality ‘partial moments.’  This 
algorithm in fact calculates three sets of partial moments corresponding to three energy 
ranges.  Most users will want to have the separate partial moments and may only use one 
of the sets.  In principle, it is straightforward to combine partial moments (see section 6), 
though this is currently not done by the operational algorithm due to anticipated 
difficulties (e.g., intercalibration discrepancies and H+/O+ mix in MPS-LO vs H+ only in 
MPS-HI) that can only be addressed in the post-launch validation phase. 
 

3.2 Processing Outline 
Separate outlines are provided for the MPS-HI and MPS-LO algorithms. 
 
The top-level processing flow for the MPS-HI algorithm is shown in Figure 1.  At this 
level there are no branches or iterative loops.   
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Figure 1. Top-level flow diagram for the MPS-HI Moments algorithm. 
 
The corresponding processing outline for MPS-HI moments is as follows: 
 
1.  Read MPS-HI calibration processing parameter file (HDF5 format) whose version 
number is a global attribute of the MPS-HI L1b files.  Calculate channel edge and center 
momenta (for electrons) or velocities (for protons), and conversion factors from flux to 
phase space density (for electrons) or velocity distribution (for protons). 
 
2. Read MPS-HI telescope calibration file (HDF5 format), which contains telescope 
angles and telescope-inclusion table.  Calculate telescope direction cosines from angles. 
 
3. Read in the 1-minute averages of the MAG field components in body reference frame 
(BRF) coordinates and associated time stamp.  
 
4. Read in the 1-minute averages of the MPS-HI differential number fluxes and 
associated time stamp. 
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5. If time stamps of fluxes and field components are identical, proceed. 
 
6.  If magnetic field values are not missing (indicated by fill values), calculate the central 
pitch angle for each MPS-HI telescope from the MAG field components in body-
reference-frame coordinates.  If they are missing, no moments are calculated from this 
minute of data. 
 
7.  For pitch angles greater than 90 degrees, take the supplementary angle.  Sort resultant 
pitch angles in ascending order.  Calculate pitch angle integration limits. 
 
8.  If so indicated by MPS-HI telescope-inclusiontable, force omission of a given 
telescope by replacing fluxes with fill values. 
 
9. For each energy channel and species (electron or proton), count the number of fill 
values.  If this number is greater than one for any channel, do not calculate moments for 
that species.   
 
10. If there is one fill value for a given energy channel, linearly interpolate versus pitch 
angle or (at edges) replace with nearest neighbor. 
 
11.  Calculate the partial moments (number density, parallel temperature and 
perpendicular temperature) in two energy ranges, for electrons and protons. 
 
12.  Record the Level 2 outputs and quality flags. 
 
The top-level processing flow for the MPS-LO algorithm is shown in Figure 1.  At this 
level there are two decision points, each of which results in the selection of one of two 
branches.  The corresponding processing outline is as follows: 
 
1.  Read MPS-LO calibration processing parameter file whose version number is a global 
attribute of the MPS-LO L1b files.  Calculate channel edge and center velocities and 
conversion factors from flux to velocity distribution. 
 
2. Read MPS-LO zonal calibration file (HDF5 format), which contains zonal angles, 
zone-inclusion table, and weights for combining overlapping zones Z6 and Z7.  Calculate 
zonal direction cosines from angles. 
 
3. Read in the 1-minute averages of the MAG field components in body frame 
coordinates and associated time stamp.  
 
4. Read in the 1-minute averages of the MPS-LO differential number fluxes and eclipse 
flags and associated time stamp. 
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5. If time stamps of fluxes, field components and spacecraft flags are identical, proceed. 
 
6.  If magnetic field values are not missing (indicated by fill values), calculate the central 
pitch angle for each MPS-LO zone from the MAG field components in body-frame 
coordinates. If they are missing, no moments are calculated from this minute of data. 
 
7.  Sort pitch angles in ascending order.  Calculate pitch angle integration limits. 
 
8.  If so indicated by  zone-inclusion table, force omission of a given zone by replacing 
fluxes with fill values. 
 
9. For each energy channel and species (electron or proton), count the number of fill 
values.  If more than one for any channel, do not calculate moments for that species.   
 
10. If there is one fill value for a given energy channel, linearly interpolate versus pitch 
angle or (at edges) replace with nearest neighbor. 
 
11.  Calculate an initial omnidirectional average of the electron and ion differential 
energy fluxes. 
 
12.  In the omnidirectional electron energy fluxes, search for the signature of trapped 
secondary electrons or photoelectrons. If this signature is present, identify the barrier 
potential and set the omnidirectional and differential electron fluxes below the 
corresponding energy to zero. 
 
13.  In the omnidirectional ion energy fluxes, search for the signature of surface charging 
known as the ‘ion line.’ If the ‘ion line’ can be identified clearly, estimate the spacecraft 
potential from this signature. 
 
14.  If the ‘ion line’ cannot be identified clearly, estimate the spacecraft potential from 
the omnidirectional electron temperature.  This is an iterative solution that uses a 
correlative relation between the electron temperature and spacecraft potential. (Turned off 
at launch until correlative relation has been established.) 
 
15.  Use the estimated spacecraft potential to correct the electron and ion energy scale. 
 
16.  Calculate the partial moments (number density, parallel temperature and 
perpendicular temperature) for electrons and protons in the MPS-LO energy range. 
 
17.  Record the Level 2 outputs and quality flags. 
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Figure 2. Top-level flow diagram for the MPS-LO Moments and Level of Spacecraft Charging 
algorithm. 
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3.3 Algorithm Input 
Input quantities are single-precision floating point except for Julian date (double 
precision floating point) and version numbers (integers). 

3.3.1 Sensor Data 
The inputs to the Moments algorithms from MPS-LO, MPS-HI and MAG are listed in 
separate tables (Table 1, Table 2, Table 3).   
 
The spacecraft eclipse flag indicates when the spacecraft is eclipsed from the Sun by the 
earth.  It is needed for the MPS-LO Moments algorithm since the correlative relationship 
between frame potential and electron temperature depends on whether the spacecraft is in 
eclipse. 
 



NOAA/NESDIS/NCEI ALGORITHM THEORETICAL BASIS DOCUMENT 
Version: 1.2 

Date: February 18, 2016  
SEISS.19 Density and Temperature Moments 
and Level of Spacecraft Charging Page 23 of 73 
 

Hardcopy Uncontrolled 

 
Table 1. MPS-LO inputs to moments and spacecraft charging algorithm. 

Quantity Sampling Number of 
Values Units Purpose in L2 

Calculations 

MPS-LO Electron 
Fluxes 1 min ave  15 channels x 14 

zones 
electrons / (cm2 
s sr keV) 

<30 keV electron 
moments 

MPS-LO Ion 
Fluxes 1 min ave  15 channels x 14 

zones 
ions / (cm2 s sr 
keV) 

<30 keV ion (proton) 
moments 

Spacecraft eclipse 
flag 1 min OR 1 0: false, 1: true Spacecraft charging 

level 

Version of MPS-
LO Calibration 
Processing 
Parameter File 

1 min 1 unitless  

To access the most 
up-to-date tables used 
to process the L1b 
fluxes 

Version of MPS-
LO Zonal 
Calibration File 

1 min 1 unitless To access most up-to-
date table. 

Time 1 min 1 (start of period) Seconds since 
J2000 epoch Time stamp 
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Table 2. MPS-HI inputs to moments algorithm.  

Quantity Sampling Number of 
Values Units Purpose in L2 

Calculations 

MPS-HI Electron 
Fluxes 1 min ave  10 channels x 5 

telescopes 
electrons / (cm2 s 
sr keV) 

>30 keV electron 
moments 

MPS-HI Proton 
Fluxes 1 min ave  9 channels x 5 

telescopes 
protons / (cm2 s 
sr keV) 

>30 keV proton 
moments 

Version of MPS-
HI Calibration 
Processing 
Parameter File 

1 min 1 unitless  
To access the most up-
to-date tables used to 
process the L1b fluxes 

Version of MPS-
HI Telescope 
Calibration File 

1 min 1 unitless To access most up-to-
date table. 

Time 1 min 1 (start of period) Seconds since 
J2000 epoch Time stamp 

 
 
Table 3. MAG inputs to moments and spacecraft charging algorithms. 

Quantity Sampling Number of 
Values Units Purpose in L2 

Calculations 

Magnetometer 
Field Components 
in Body Reference 
Frame Coordinates  

1 min ave  4 (3 components 
and total) nT  Pitch angle 

calculation 

Time 1 min 1 (start of period) Seconds since 
J2000 epoch Time stamp 

 

3.3.2 Sensor Characterization Data 
Several quantities that characterize the spectral and spatial response of the MPS-LO and 
MPS-HI are used by the Moments algorithms.  These quantities are listed in Table 4.   
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Table 4. Sensor characterization data used by Moments algorithms.  All of these data reside in files 
with standardized names that are distinguished by version number. 

Quantity Refresh Number of 
Values Units Purpose Source 

MPS-LO Zone 
Center Direction 

in Spacecraft 
Coordinates  

Static 

14 zones x 2 
angles 

(azimuth and 
elevation) 

degrees Pitch angle 
calculation 

MPS-LO 
Zonal 

Calibration 
File 

MPS-LO 
Channel Center 

Energies 

Static, 
subject to 
revision 

Electrons: 14 
x 15 

Ions: 14 x 15 
keV 

Integration grid 
points for 
moments 

calculations 

MPS-LO 
Calibration 
Processing 

Parameter File 

MPS-HI 
Telescope 

Center Direction 
in Spacecraft 
Coordinates  

Static 

5 telescopes x 
2 angles 

(azimuth and 
elevation) 

Azimuth 
and 

elevation 
(degrees) 

Pitch angle 
calculation 

MPS-HI 
Telescope 
Calibration 

File 

MPS-HI 
Channel Edge 

Energies 

Static, 
subject to 
revision 

Electrons: 5 x 
10 x 2 

Protons: 5 x 9 
x 2 

keV 

Integration grid 
points for 
moments 

calculations 

MPS-HI 
Calibration 
Processing 

Parameter File 
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3.4 Theoretical Description 
 
In order to focus on the algorithm in this section, background information and extended 
derivations are provided in the appendices. 

3.4.1 Physics of the Problem 
 
Moments 
 
In general, magnetospheric electron and proton fluxes are a function of particle kinetic 
energy and of look direction.  Particle flux measurements are commonly converted to 
doubly differential fluxes (fluxes that are differential in energy and in solid angle) via 
calibration factors.  The angular variation of the fluxes is expressed in spherical 
coordinates.  The polar angle is identified with the particle pitch angle, that is, the angle 
that the particle’s velocity makes with the magnetic field.  Because of the relatively few 
angular measurements by the GOES instruments, we must assume that the fluxes are 
isotropic in azimuth angle around the magnetic field (i.e., gyrotropic).  Therefore, all 
angular variation is attributed to pitch angle.  The assumption of gyrotropy is not 
necessary with instruments on spin-stabilized spacecraft (such as ISEE or the LANL 
instruments in geostationary orbit) multiple samples during the spin cycle provide an 
additional dimension of angular sampling not available to instruments on a three-axis 
stabilized satellite.   
 
For many applications, both scientific and operational, there is a need to reduce the fluxes 
to a handful of parameters.  It is common practice to convert flux measurements to 
number density, velocities (not always possible), and energy density or the related 
quantities pressure and temperature [DeForest and McIlwain, 1971; Daglis et al., 1994; 
Thomsen et al., 1996, 1999]. Mathematically, these quantities can be expressed as 
moments of the distribution of particles in configuration (x, y, z) space and velocity (vx, 
vy, vz) space, often referred to as the velocity distribution.  The number density is the 
zeroth-order moment, the velocity is the first-order moment, and the energy density or 
temperature is derived from the second-order moment of the velocity distribution.  For 
relativistic particles (in the present application, MPS-HI electrons), the moments need to 
be calculated using the phase space density (the distribution of particles in relativistic 
momentum and configuration space).  
 
Number density is a differential quantity and can vary as a function of pitch angle (since 
populations at different pitch angles may originate in different locations in the 
magnetosphere).  Therefore, the number density reported by the moments algorithm is the 
average of number densities in all directions.  Under the assumption of gyrotropy, two 
temperatures can be calculated, namely the temperature of the distribution parallel to the 
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magnetic field and the temperature perpendicular to the magnetic field.  The velocity 
moments are difficult to calculate from particle measurements in general and are not 
possible from those on GOES-R.  It is possible if the drift velocity of the distribution is 
much greater than the mean thermal velocity of the distribution.  From the LANL 
satellites, only the velocities for the <100 eV ions are generally physically meaningful 
and are reported to the general community [M. Thomsen, private communication, 2009].  
The assumption of gyrotropy means that only an along-field velocity could be calculated.  
However, attempts to calculate this component (which would be of limited value in any 
case) from the proxy data under conditions where the drift velocity is significant (i.e., the 
magnetosheath [McComas et al., 1994]) have not been successful. (See section 6 for 
more details.) 
 
The energy density of a distribution is meaningful regardless of the distribution, but the 
related quantity temperature strictly speaking applies to a Maxwellian distribution, which 
is in equilibrium.  Particle distributions in the magnetosphere are sometimes but not 
generally well modeled as a Maxwellian.  However, due to a long history of calculating 
the temperature of a distribution [e.g., Garrett et al., 1980; Gussenhoven and Mullen, 
1983; Thomsen et al., 1999] and since the temperature of a distribution is a critical 
parameter in spacecraft charging codes (NASCAP-2k), we stick with this nomenclature.  
If the measured distribution is a Maxwellian, the ‘temperature’ moments give the 
temperature (in fact, kT in units of keV).  If the measured distribution is not Maxwellian, 
the temperature moment is still a useful measure of the spectral variation in the fluxes.  A 
higher temperature gives higher fluxes at higher energies relative to a lower temperature 
distribution of similar number density. 
 
For the more general relativistic case, the momentum phase space density is used in place 
of the velocity distribution.  The phase space density is the number density of particles 
per unit relativistic momentum in three directions.  While the number density integral is 
similar to the non-relativistic case, the temperature integral is more complicated.  In fact, 
the average energy of a relativistic Maxwellian is not proportional to the temperature, but 
rather is a transcendental function of the temperature [Jüttner, 1911; de Groot et al., 
1980].  For this moments algorithm, the non-relativistic moments are calculated for all 
protons/ions and for MPS-LO electrons (<= 30 keV).  Relativistic moments are 
calculated for MPS-HI electrons (>50 keV). 
 
Since the energy ranges of the instruments are limited, it is strictly correct to refer to the 
densities and temperatures that we calculate as ‘partial.’  For maximum user flexibility, 
we calculate densities and temperatures for three energy ranges and do not combine them.  
In principle, the combination is straightforward (see section 6), though performed with 
greater confidence after the instruments have been intercalibrated. 
 
 
Spacecraft Charging 
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Geosynchronous spacecraft tend to charge to a large negative potential in the absence of a 
dense, cold plasmasphere [DeForest, 1972].  For example, on the ATS-6 satellite, 
negative potentials as large as 19 kV in eclipse and 2 kV in sunlight were observed 
[Olsen, 1986].  The potentials observed on ATS-6, which was three-axis stabilized, were 
larger than those observed on ATS-5, which was spin-stabilized [Olsen, 1986]. Charging 
occurs as the system attempts to balance currents due to incident electrons and positive 
ions, secondary electrons emitted by the spacecraft due to the incident particle 
environment, and photoelectrons emitted by the spacecraft due to incident ultraviolet 
sunlight [Garrett, 1981].  This phenomenon is referred to as surface charging or, more 
accurately depending on the observation, as frame charging.  The surface potential, which 
is the potential between a spacecraft surface and the spacecraft frame (electrical ground), 
is distinct from the frame potential, i.e., the potential between the spacecraft frame and 
the surrounding plasma, which is what plasma sensors such as MPS-LO measure [Koons 
et al., 2006].  The incident electrons that contribute to surface charging have energies less 
than ~100 keV.  The danger of spacecraft charging lies not in the charging itself but in 
the discharges that occur when the differential potential becomes sufficiently large.  This 
can happen with frame charging when the spacecraft exits eclipse.  Differential surface 
charging has been identified as the likely cause of some spacecraft anomalies and failures 
on orbit [e.g., Farthing et al., 1982]. 
 
At higher energies, the electrons can penetrate materials, and the phenomenon is known 
as bulk or deep dielectric charging.  For example, >450 keV electrons can penetrate 5 
mils of aluminum, which is equivalent to 10 mils of spacecraft multi-layer insulation 
[Fennell et al., 2010].  Deep dielectric charging has also been identified as the likely 
cause of some spacecraft anomalies and failures on orbit [e.g., Baker, 1996]. 
 
The GOES-R+ MPS measurements will contribute to the diagnosis of both frame and 
bulk charging on the GOES-R+ satellite and to the real-time specification of 
geosynchronous environments that present an elevated risk of spacecraft in general.  
However, only the MPS-LO measurements are affected by charging, specifically frame 
charging.  At the same time that they can be used to diagnose frame charging on the 
spacecraft, they must be corrected for the effects of frame charging on the measured 
electron and ion spectra. 
 
Uniform frame charging can be diagnosed by a peak in the ion spectrum (known as the 
‘ion peak’ or ‘ion line’) at the spacecraft potential [DeForest, 1972; Thomsen et al., 
1999].  Differential frame charging results in the trapping of secondary electrons and 
photoelectrons behind a barrier potential [Whipple, 1976].  This barrier potential can be 
diagnosed from the electron spectrum [Thomsen et al., 1999].  Examples of both 
phenomena can be observed in a sample pair of electron and ion spectrograms from the 
Los Alamos National Laboratory (LANL) Magnetospheric Plasma Analyzer (MPA) 
instrument flown on geosynchronous spacecraft [Bame et al., 1993; McComas et al., 
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1993] (Figure 3).  Shortly after 1700 UT on 2 November 2003, the electron fluxes below 
~10 eV increased an order of a magnitude and a weak peak appeared in the ion fluxes at 
~60 eV.  The upper limit of the electron flux enhancement and the energy of the ion line 
increased with time.  The maximum in both was reached shortly after 1900 UT.  The 
spectra from 1950 UT are shown in Figure 4. 
 
The enhancement in the electron flux represented the trapped secondary electrons and 
photoelectrons.  The ion line indicated the time-varying spacecraft frame potential; all 
measured ions had their energy increased by this amount.  Both the barrier potential and 
the spacecraft potential were identified by the algorithm (indicated as blue traces on the 
spectrogram).  The spacecraft potential from the ion line is plotted on both the electron 
and the ion spectra.  At the peak of the charging event, the frame potential was an order 
of magnitude higher than the local potential barrier in the vicinity of the instrument.   
 
 

 
 
Figure 3. Spectrograms of spin-averaged electron and ion energy differential fluxes measured by the 
LANL MPA instrument on 2 November 2003.  The horizontal axis represents universal time.  The 
vertical axis represents the energies of the particles in electron volts (eV).  The color scale represents 
the base-10 logarithm of the energy flux in units of eV cm-2 s-1 sr-1 eV-1.  Examples of trapped 
secondary and photoelectrons and the ion line can be observed in the fluxes after 1700 UT.  The dark 
blue traces represent the identification by the algorithm of the frame potential and barrier potential.  
MPA data provided courtesy of M. Thomsen, Los Alamos National Laboratory. 
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In order to better represent the unperturbed flux outside the spacecraft sheath, the 
measured ion energy should be reduced by the frame potential and the measured electron 
energy should be increased by this amount.  Because of the finite width of the energy 
channels (coarser on MPS-LO than on MPA), this process introduces errors that should 
be flowed through the moments calculation. Electrons below the barrier potential should 
not be included in a representation of the unperturbed flux [Whipple, 1976] or in the 
moments calculation [Thomsen et al., 1999].  This would artificially increase the derived 
number density and decrease the temperatures. 
 

 
 

Figure 4. An example of spin-averaged ion and electron spectra from the LANL-02A MPA on 2 
November 2003, 1950:15 UT.  Based on these data, the barrier potential is estimated to be -150 eV 
and the spacecraft frame potential is estimated to be -700 V. MPA data provided courtesy of M. 
Thomsen, Los Alamos National Laboratory. 
 
 The temperature of the incident electron spectrum has been correlated with the frame 
potential of the spacecraft [e.g., Garrett et al., 1980; Thomsen et al., 1999].  This 
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correlation depends on the spacecraft and whether the spacecraft is in eclipse.  An 
example from the LANL satellites is shown in Figure 5.  Such a correlation can be used 
for estimating the spacecraft frame potential in the absence of a detectable ion line, which 
can happen when the cold ion population is particularly tenuous [Gussenhoven and 
Mullen, 1983]. 

 
 
Figure 5. Spacecraft potential vs. average electron temperature from three geosynchronous satellites 
(1994-084, LANL-97A, LANL-02A) in September 2002.  Separate fits to eclipse and non-eclipse 
conditions are shown.  Figure courtesy of M. Thomsen, Los Alamos National Laboratory. 

3.4.2 Mathematical Description 
 
Calculation of Pitch Angle 
 
The calculation of the central pitch angle for each MPS telescope or zone requires 
knowledge of the look angles of the telescope or zone with respect to the spacecraft body 
reference frame (BRF) coordinate axes, and the values of the magnetic field components 
in the BRF as measured by the GOES-R Magnetometer.  Remember that the pitch angle 
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is the angle that the particle velocity makes with respect to the magnetic field, and 
therefore is oppositely directed to the telescope look direction.  It is is the polar angle in a 
spherical coordinate system where the pole is defined by the local direction of the 
magnetic field.  Therefore, the direction cosines used in the calculation of pitch angle are 
those of the velocities of the particles measured by the telescope or zone.  Given lx, ly, 
and lz as the BRF direction cosines of the particle velocities measured by telescope or 
zone k, the central pitch angle for telescope k is given by 

 







 ++
=
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Note that within the accuracy of the magnetic field measurements, it is possible that, in 
the case of zero pitch angle (a rare event, especially in a one-minute average), the 
argument of the inverse cosine could be slightly greater than one.  This condition should 
be checked prior to calculating the pitch angle. 
 
For MPS-HI (and MAGED and MAGPD), since there are few angular measurements in 
the north-south or meridional plane, we have to assume that the pitch angle distribution 
between 90 and 180 degrees is the same as the distribution between 90 and 0 degrees.  
Therefore, any pitch angle greater than 90 degrees is replaced by its supplementary angle 
(180°-α).  (This is not necessary for MPS-LO.) Then, the pitch angles are sorted in 
ascending order and the sorted indices also saved for use in sorting the electron and 
proton fluxes. 
 
If one or more of the magnetic field components is a fill value, then the pitch angles 
cannot be calculated, and the moments calculation is skipped.  Note that the magnetic 
field values, flux values, and spacecraft flags used in a given moments calculation must 
all have the same time stamp.  They are all assumed to be outputs of the L2 1-minute 
averages algorithm. 
 
Treating the Fluxes 
 
From MPS-LO, the two overlapping zones 6 and the two overlapping zones 7 are 
respectively combined using the weights contained in the zonal calibration table.  For 
now, these weights are assumed to be 0.5. They are expected to change following on-
orbit cal/val and will probably be different for electrons and ions. 
 
The fluxes are sorted by ascending pitch angle. 
 
If a flux fill value is present and there is at most one fill value in each energy channel 
(i.e., the PAD at each energy is missing at most one flux value), then the fill value is 
replaced by its nearest neighbor (if at the lowest or highest pitch angle) or by the linear 
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interpolation (in pitch angle space) of its two neighbors, after the fluxes have been sorted 
by ascending pitch angle. 
 
Determination of the Level of Spacecraft Frame Charging 
 
The level of spacecraft surface or frame charging is determined from an omnidirectional 
average of the MPS-LO fluxes.  Each of the twelve zones is weighted properly by a 
factor related to its central pitch angle.  The omnidirectional flux is expressed as the 
following integral: 
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This integral is approximated as the following sum: 

 
( ) ( )( )∑

−

=

+−=
1

0
,, coscos,

2
1 paN

j
ljujijiomni EjEj aaa  (3)  

The omnidirectional flux is converted to a velocity distribution for later use: 

 ( ) ( )iomni
i

o
iomniv Ej

v
mvf 2, =  (4)  

Next, the number fluxes are converted to energy flux simply by multiplying the number 
flux by the channel energy (energy to which the electrostatic analyzer steps): 

 ( ) ( )iomniiiomniE EjEEj =,  (5)  

The following algorithm, closely based on that of Thomsen et al. [1999], is used to 
identify and remove trapped secondary electrons or photoelectrons: 
 
1. Search for the minimum in the omnidirectional average of the electron differential 
energy flux below 400 eV. 
2. If the minimum is above 100 eV, identify it as the barrier potential only if the average 
electron differential energy flux above 3 keV is greater than 2.4 x 106 cm-2 s-1 sr-1 
(eV/eV) (TBR) 
3. Set all electron flux below the barrier potential equal to zero, record the barrier 
potential, and set the associated data quality flag. 
 
If this source of contamination is not removed, the number density will be too high and 
the temperature will be too low. 
 



NOAA/NESDIS/NCEI ALGORITHM THEORETICAL BASIS DOCUMENT 
Version: 1.2 

Date: February 18, 2016  
SEISS.19 Density and Temperature Moments 
and Level of Spacecraft Charging Page 34 of 73 
 

Hardcopy Uncontrolled 

The next step is to identify the ion line.  Again, the algorithm is closely based on that of 
Thomsen et al. [1999]: 
 
1. If the average ion differential energy flux above 3 keV is less than 0.8 x 107 (spacecraft 
eclipse) or 1.3 x 107 (sunlit) cm-2 s-1 sr-1 (eV/eV) (TBR), search for a peak in the ion flux 
below 150 eV. 
2. If the average ion differential energy flux above 3 keV is greater than the above 
criteria, search below 9 keV. 
3. Starting at the lowest ion energy (30 eV), search for a 2x increase in the ion fluxes 
from one energy channel to the next. 
4. If this ion flux is a local maximum (in energy), identify the channel energy at peak as –
qφsc 
5. If the ion energy flux at the next higher energy is higher, followed by a drop, identify 
the channel energy at the peak as –qφsc 
6. The ion flux at the peak must be at least twice the single count level 
7. Set the ion line quality flag and record φsc 
 
If no ion line can be identified, the spacecraft potential is estimated from an empirical 
relation between electron temperature and spacecraft potential.  The following three 
expressions are solved iteratively for the omnidirectional average of the electron density, 
the electron temperature and the spacecraft potential: 
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The last expression is an empirical relation for spacecraft potential vs. electron 
temperature developed for the LANL geosynchronous measurements [Thomsen et al., 
1999].  An example of this relation and the data from which it was determined are shown 
in Figure 5.  Values for these constants are given in Table 5.  These values will definitely 
need to be freshly evaluated for each GOES-R+ satellite after launch.  It is possible that a 
different empirical function will also need to be developed. 
 



NOAA/NESDIS/NCEI ALGORITHM THEORETICAL BASIS DOCUMENT 
Version: 1.2 

Date: February 18, 2016  
SEISS.19 Density and Temperature Moments 
and Level of Spacecraft Charging Page 35 of 73 
 

Hardcopy Uncontrolled 

Table 5. Values of the constants used in the empirical relation between electron temperature and 
spacecraft potential.  These values will need to be reevaluated for each GOES-R+ satellite. 
Constant Value Source 
A 7.9 Thomsen et al., 1999, Table 6 
B (average) 0.015025 Thomsen et al., 1999, Table 6 
B (sunlit) 0.0069 Figure 5 
B (spacecraft eclipse) 0.047 Figure 5 
To 46.074 eV Thomsen et al., 1999, Table 6 
D 2.4257 Thomsen et al., 1999, Table 6 
 
After the spacecraft potential has been determined from the empirical relation or from the 
ion line, the channel energies are corrected prior to calculating the moments to give the 
energies at infinity of the measured particle fluxes: 

 scmeascorr qEE Φ+=  (9)  

Note that φsc and q are signed quantities.  We expect that φsc will be negative.  For a 
negative potential, the corrected ion energies are less than the measured energies, and the 
corrected electron energies are greater than the measured energies. 
 
The 9 keV criterion for the maximum energy at which the ion line is detected directly 
was set by LANL to avoid false positives from the “deep ion minimum” [M. Thomsen, 
private communication, 2010].  The deep ion minimum corresponds to trajectories of ions 
injected on the nightside whose drift and bounce motions cause them to be lost via 
collisions with atmospheric particles [McIlwain, 1972; McIlwain and Whipple, 1986].  
This common feature in geosynchronous orbit is a minimum in fluxes whose energy 
varies from ~10 keV at 0200 local time to ~1 keV at 1800 local time [McIlwain, 1972]. 
The expression that expresses spacecraft potential in terms of the electron temperature 
should account for any potentials above 9 keV, if the dataset from which the empirical 
expression is derived includes such cases. 
 
The TBRs are associated with parameters that have been converted from the original 
criteria of Thomsen et al. [1999] in terms of counts measured by the LANL instruments, 
to flux-based criteria that should work with a different instrument.  The conversion is not 
exact due to different instrument response functions and energy range, so these 
parameters will need to be validated post-launch. 
 
  
   
 
Non-Relativistic Moment Integrals 
 
The partial moments are calculated non-relativistically for the MPS-LO electrons and 
ions and for the MPS-HI protons.  The benefits include relative simplicity with respect to 
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the relativistic formulation, and consistency with the LANL moments algorithm 
[Thomsen et al., 1996, 1999].   
 
Once the flux is determined as a function of kinetic energy and pitch angle, the non-
relativistic velocity distribution is calculated (s3 cm-6): 

 ( ) ( )ik
i

o
ikv Ej

v
mvf ,2, aa =  (10)  

The zeroth order moment of the velocity distribution in spherical coordinates, assuming 
no variation in azimuth (gyrotropy), is given by (cm-3): 

 ( ) ( )∫∫= dvdvvfn v aaaπ sin,2 2  (11)  

It is implemented as a sum following the LANL method [Thomsen et al., 1996, 1999].  In 
this approach, the velocity distribution is assumed to be uniform over the energy-pitch 
angle bin. 
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The second-order velocity moments giving parallel and perpendicular temperature (in 
keV) are given by: 

 ( ) ( ) ( ) dvdvvf
n
mT vpara aaaaπ sincos,2 24∫=  (13)  

 

 ( ) ( ) dvdvvf
n
mT vperp aaaπ 34 sin,∫=  (14)  

(See Appendix B for the evaluation of these integrals for non-relativistic Maxwellians.) 
As justified earlier, we assume that the first-order velocity moment is zero.   
 
These integrals are approximated as sums using the same method as the density integral: 
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Relativistic Moment Integrals 
 
The partial moments are calculated relativistically for the MPS-HI electrons.  Under the 
special theory of relativity, kinetic energy is not simply proportional to the square of 
velocity (see Appendix A), so the second moment of the relativistic velocity distribution 
cannot be used to calculate temperature.  The general practice in radiation belt studies 
involving relativistic electrons is to use the phase space density [e.g., Roederer, 1970; 
Onsager et al., 2004], which is relativistically correct.  Phase space density, Fp (keV-3 s-

3), is calculated by dividing the differential flux by the square of the momentum of the 
particle, p (keV s cm-1):  

 
2p
jFp =  (17)  

 

 ( )221 cmEE
c

p o+=  (18)  

where E is the kinetic energy of the particle, mo is the rest mass, and c is the speed of 
light (cm s-1).  Note that moc2 is the rest mass of the particle in energy units (keV) and is 
used as such throughout this algorithm in order to simplify the calculations and unit 
conversions.  Since the MPS-HI effective channel energies do not change due to 
spacecraft charging, the energies are converted to momentum at the start of run-time. 
 
The relativistic number density integral (cm-3) is defined over momentum space but 
otherwise is analogous to the the non-relativistic version: 

 ( ) ( ) dpdppFn p aaaπ sin,2 2∫∫=  (19)  

It is implemented as a sum as follows (assuming the phase space density is uniform over 
the momentum-pitch angle bin): 
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The solution for the temperature moment is by no means as straightforward.  The average 
energy of a relativistic Maxwellian is a transcendental function of the temperature 
[Jüttner, 1911; de Groot et al., 1980], so after calculating the appropriate moment of the 
phase space density, there is another step to convert it to temperature.  (See Appendix B 
for the analytical evaluation of the moments integrals for relativistic Maxwellians.) 
 
We calculate the following moments (keV): 
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 ( ) ( ) ( ) dpdppEF
n

E pparaT aaaaπ sincos,4 22
, ∫∫=  (21)  

 

 ( ) ( ) dpdppEF
n

E pperpT aaaπ 32
, sin,2

∫∫=  (22)  

These two energies are related to the thermal energy of the distribution, excluding the rest 
mass (E is the kinetic energy).  In the non-relativistic limit, these integrals give the 
perpendicular and parallel temperatures.  
 
As a function of momentum and rest mass, kinetic energy is given by: 

 ( ) 22222 cmcpcmE oo −+=  (23)  

Immediately, we can see that these integrals will be more complicated to solve than their 
non-relativistic equivalents.  However, by assuming the phase space density is uniform 
over the momentum-pitch angle bin, an analytical approximation can be found (see 
Appendix C).  Each term in the resulting sum includes a function of momentum h(p) 
(keV4 s3 cm-3) given by: 
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The energy integrals are approximated by: 
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For an isotropic, relativistic Maxwellian distribution, these integrals are equal to (see 
Appendix B): 
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where β is the rest mass (in energy units) divided by kT: 

 

kT
cmo

2

=β  (28)  

K1 and K2 are the modified Bessel functions of the second kind of orders 1 and 2. In the 
non-relativistic limit, g(β) = 3/2β = 3kT/(2moc2) . It can be seen that ET is greater than kT 
by comparing 3/2β with g(β) (Figure 6). 
 

 
 

Figure 6. (Top) The function g(β) as a function of β.  The non-relativistic equivalent is plotted with a 
dashed line.  (Middle) The ratio of g(β) to its non-relativistic equivalent.  (Bottom)  Temperature kT 
as a function of g(β) (solid line), and the quadratic fit to this expression in log-log space (red dotted 
line). 
 
If kT is expressed as a function of g(β) (Figure 6), this relation is nearly linear in log-log 
space.  A quadratic fit gives: 

 ( ) ( )[ ] ( )[ ]{ }ββ gcbgakT 101010 logloglog ++=  (29)  
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By setting 

 ( ) 22
3

cm
Eg
o

T=β  (30)  

this fit can be used to convert the output of the integrals ET to temperature kT without an 
iterative solution involving Bessel functions. 
 
Definition of Integral Bin Limits 
 
Following the LANL algorithm [Thomsen et al., 1996, 1999], the velocity bin limits for 
the non-relativistic integrals correspond to the edges of the energy channels, Ei,l and Ei,u: 
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For the relativistic integrals, the momentum bin limits also correspond to the edges of the 
energy channels: 

 ( )2
,,, 21 cmEE

c
p olilili +=  (33)  

 

 ( )2
,,, 21 cmEE

c
p ouiuiui +=  (34)  

The pitch angle bins are the same for the non-relativistic and relativistic integrals.  They 
are the average of the central pitch angles, with the lowest limit set to 0 deg and the 
highest limit set to 90 deg for MPS-HI and to 180 deg for MPS-LO.   
 
The MPS-HI channel edge energies and the MPS-LO channel center energies are 
documented in the Calibration Data Books (CDRL79) and are read in from the 
calibration processing parameter files whose version numbers are global attributes of the 
L1b files.  The effective MPS-LO channel edge energies are calculated as geometric 
means of the center energies: 
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ciciui EEE ,,1, −=  (35)  

 
cicili EEE ,,1, +=  (36)  

This follows the convention that the MPS-LO center energies decrease with increasing 
channel index. For the highest and lowest energies, the effective outer band edges are 
determined as follows. The MPS-LO center energies are nominally spaced equidistant in 
log(energy).  The spacing is calculated as follows: 

 ( ) ( ) ( )
1
logloglog 10110

10 −
−

=∆
n

EEE n  (37)  

For MPS-LO, where n = 15, E1 = 30 keV and E15 = 0.03 keV, this quantity is 0.2142857.  
Using the property of equidistant logarithmic spacing, it can be shown that the geometric-
mean band edges above and below energy Ei are given by: 

 ( )E
ciui EE 10log5.0

,, 10 ∆+⋅=  (38)  

 

 ( )E
cili EE 10log5.0

,, 10 ∆−⋅=  (39)  

For E1,c = 30.0 keV, E1,u = 38.4 keV, and for E15,c = 0.030 keV, E15,l = 0.0234 keV.  
Although the actual energy centers differ from the nominal values, it is recommended 
that these upper and lower energies E1,u and E15,l be treated as fixed values since, in any 
case, the choice of band edges for an electrostatic analyzer with narrow ΔE/E is 
somewhat arbitrary. 
 
Note that, for consistency with the LANL moments product, the lower limit of the MPS-
LO moments integral is ~30 eV for the electrons and ~130 eV for the ions (in fact, the 
channels with corrected center energies closest to these values).  These center energies 
vary with the amount of spacecraft charging, and the channel set included in the integrals 
varies as well.  If the magnitude of the spacecraft potential is greater than 100 V, the 
entire ion line is included in the moments integral without any attempt to partition <100 
eV and >100 eV ions. 
 
 
Anisotropy Measure 
 
The anisotropy measure A is a measure of the variation in fluxes as a function of pitch 
angle α: 
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This measure comes out of the study of interactions between particles and plasma waves  
[e.g., MacDonald et al., 2008; Blum et al., 2009].  It was derived originally by Kennel 
and Petschek [1966] as a special case for a bi-Maxwellian distribution. If the phase space 
distribution is greater at α = 90º than at α = 0º, A is positive.  If A is positive, electron 
whistler waves that are resonant with electrons on the tail of the distribution (e.g., those 
measured by MPS-HI) may be generated if additional conditions are met [Kennel and 
Petschek, 1966; MacDonald et al., 2008].  In the case of positive ions, if A is positive and 
sufficiently large, electromagnetic ion cyclotron (EMIC) waves will be generated [Kennel 
and Petschek, 1966; Blum et al., 2009]; if A is negative, magnetosonic waves may be 
generated [Kennel and Petschek, 1966]. 
 
The anisotropy measure A is calculated separately for each of the three energy ranges and 
each species. 

3.5 Algorithm Output 
 
The outputs of the MPS-LO and MPS-HI moments algorithms are defined in separate 
tables (Table 6 and Table 7).  Output quantities are single-precision floating point except 
for Julian date (double precision floating point) and flags and version numbers (integers). 
 
Table 6. Level 2 Outputs (including Quality Flags) of SEISS MPS-LO Moments and Level of 
Spacecraft Charging Algorithm 

Data Type Refresh Number of values Units 

MPS-LO Electron and Ion Density 
Moments and  1 min 2 cm-3 

MPS-LO Electron and Ion 
Temperature Moments  1 min 4 keV 

MPS-LO Electron and Ion Anisotropy 
Measures  1 min 2 Unitless (temperature 

ratios) 

Spacecraft Frame Potential 1 min 1 V 

Differential Barrier Potential 1 min 1 V 

MPS-LO Pitch Angles 1 min 12 degrees 
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Data Type Refresh Number of values Units 

Corrected MPS-LO Channel Center 
Energies 1 min Electrons: 15 

Ions: 15 keV 

Flag: Ion Line Used to Determine 
Spacecraft Potential 1 min 1 0 = not used, 1 = 

used 

Flag: Temperatures Used to Determine 
Spacecraft Potential 1 min 1 0 = not used, 1 = 

used 

Flag: Trapped Photo- and Secondary 
Electrons Removed 1 min 1 

0 = not detected, 1 = 
detected and 

removed 

Flag: Missing Magnetic Field Data 1 min 1 

0 = data not missing, 
moments calculated 

1 = data missing, 
moments not 

calculated 

Flag: Missing Electron Flux Data 
Flag: Missing Ion Flux Data 

1 min 
1 min 

1 
1 

0 = data not missing, 
moments calculated 

1 = 1 flux value 
missing in at least 

one energy channel, 
moments calculated 

2 = more than 1 flux 
value missing in at 

least one energy 
channel, moments 

not calculated 

Time 1 min 1 (start of period) Seconds since J2000 
epoch 

 
 
 
Table 7.  Level 2 Outputs (including Quality Flags) of SEISS MPS-HI Moments Algorithm. 

Data Type Refresh Number of values Units 

MPS-HI Electron and Proton Density 
Moments  1 min 4 cm-3 

MPS-HI Electron and Proton 
Temperature Moments  1 min 8 keV 
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Data Type Refresh Number of values Units 

MPS-HI Electron and Proton 
Anisotropy Measures  1 min 4 Unitless (temperature 

ratios) 

MPS-HI Pitch Angles 1 min 5 degrees 

Flag: Missing Magnetic Field Data 1 min 1 

0 = data not missing, 
moments calculated 

1 = data missing, 
moments not 

calculated 

Flag: Missing Electron Flux Data 
Flag: Missing Proton Flux Data 

1 min 
1 min 

1 
1 

0 = data not missing, 
moments calculated 

1 = 1 flux value 
missing in at least 

one energy channel, 
moments calculated 

2 = more than 1 flux 
value missing in at 

least one energy 
channel, moments 

not calculated 

Time 1 min 1 (start of period) Seconds since J2000 
epoch 
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4.0 TEST DATA SETS AND OUTPUTS 
 
 

4.1 Simulated/Proxy Input Data Sets 
Five simulated or proxy data sets have been used to verify and validate the algorithm 
performance: 
 
1. Theoretical Maxwellians have been used to verify correct units and to check the effect 
of energy resolution and range on the calculated moments. 
 
2. DMSP SSJ/4 data have been used to compare density and temperature from the 
moments algorithm to results of curve fits for published cases. 
 
3. LANL MPA fluxes have been resampled in energy and pitch angle to mimic the MPS-
LO measurements, and the resulting moments and spacecraft charging identifications 
have been compared with those calculated by the LANL algorithm. 
 
4. Partial moments have been calculated from GOES 13-15 MAGED and MAGPD fluxes 
and Magnetometer-derived pitch angles. 
 
5. Partial densities and temperatures have been calculated from the GOES 14 EPEAD 
relativistic electron channels using curve fits and the relativistic moments algorithms in 
order to validate the latter. 
 
A sampling of these results is shown in the next section. 

4.2 Output from Simulated/Proxy Inputs Data Sets including Error Estimates 
Theoretical Maxwellians 
 
Using theoretical Maxwellians, a trade study was conducted to compare the LANL 
quadrature method [Thomsen et al., 1999], as adapted to the MPS-LO measurements, to 
the Twomey [1977, pp. 33-35] quadrature method.  The energy dimension was evaluated.  
The LANL method sets the bin limits at the channel edges and treats the fluxes as flat 
across the bin.  The Twomey method assumes a linear variation in fluxes across the bin 
and sets the bin limits at the channel centers.    The motivation for the study was the 
concern that a quadrature method that works well for the high-energy-resolution MPA 
instrument might not work as well for the coarser MPS-LO spectral sampling.   
 
The comparison was performed for a 0.03-30 keV energy range, 15 energy channels, and 
an isotropic Maxwellian distribution with a number density of 1000 cm-3.  The 
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temperature was varied from 0.1 to 10.0 keV.  The results are summarized in Table 8. 
The results of the trade study also indicate the effect of limited energy range and 
sampling on the moments calculations. 
 
Table 8.  Comparison of moments calculation for an isotropic Maxwellian of n = 1000 cm-3 and a 
range of temperatures, using two quadrature methods. 

T, true (keV) n, LANL  
(cm-3) 

T, LANL  
(keV) 

n, Twomey  
(cm-3) 

T, Twomey (keV) 

0.1 948.2 0.112 958.8 0.121 
0.3 1007. 0.317 1040. 0.346 
0.5 1015. 0.524 1052. 0.572 
1.0 1020. 1.04 1058. 1.14 
3.0 1022. 3.12 1061. 3.40 
5.0 1022. 5.18 1047. 5.32 

10.0 973.1 9.10 912.5 7.48 
 
 
Before starting the study, it was assumed that the Twomey method, with its first-order 
correction, would give better results than the LANL method, given the relative coarseness 
of the MPS-LO energy sampling compared to the LANL MPA instrument.  However, the 
results were to the contrary of this expectation.  Both methods tended to overestimate the 
temperature and density, but the Twomey method overestimated them more.  This may 
be due to the fact that Maxwellian distributions are ‘concave up’ in the linear-linear space 
in which the integration occurs, so a linear approximation to the spectral variation tends 
to overestimate the integral.   
 
The results also show that when the temperature is relatively low (0.1 keV) or high (10 
keV), the spectra are not captured as well by the instrument measurement range.  For a 
0.1 keV Maxwellian, the temperature is overestimated as for higher temperatures (the tail 
is adequately captured) but the density is underestimated due to the 0.03 keV low energy 
cutoff.  For a 10 keV Maxwellian, both the temperature and density are underestimated 
since the high energy tail is cut off at 30 keV.  Regardless, at the ends as well as in the 
middle of the tested temperature range, the LANL quadrature method gives comparable 
or better results than the Twomey method.  The conclusion of the study is not to change 
the quadrature method. 
 
 
DMSP SSJ/4 Proxy Data 
 
SSJ/4 measures precipitating electrons and ions from the DMSP spacecraft in low-earth 
orbit.  The SSJ/4 instrument has an energy range of 0.03-30 keV in 19 logarithmically-
spaced energy channels with a single field-of-view pointed toward the zenith.  We show 
an example here of a classic observation of cusp precipitation at low altitudes that has 
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been studied before [Newell and Meng, 1988, 1995].  A spectrogram of the number 
fluxes is shown in Figure 7.   
 

 
 
Figure 7. Spectrograms of (top) electron and (bottom) ion number differential fluxes measured by 
SSJ/4 on DMSP F7, 24 December 1983, 1341-1344 UT. 
 
Due to the very small loss cone at the magnetopause, the equivalent Maxwellian 
distribution calculated from DMSP data is given by [Hill and Reiff, 1977]: 
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Therefore, the derived number density is in theory the density of the source population 
scaled by ratio of the parallel to the perpendicular temperatures in the source population 
(at the magnetopause).  The perpendicular temperature cannot be determined from the 
DMSP measurements. Note that typical field-aligned velocities in the cusp are much 
smaller than electron thermal velocities, so the electron velocity can be taken to be zero 
in the above expression.  Due to the assumption of isotropy, the field-aligned proton 
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velocity cannot be determined from the first-order moment integral. Therefore, the ion 
temperatures derived here both from the moments integrals and from a two-parameter 
Maxwellian fit may include contributions of field-aligned flow velocities.  The results of 
the moments calculations for the spectra in Figure 7 are shown in Figure 8.   Three 
sample spectra are shown in Figure 9. 
 
A significant departure between the densities and temperatures calculated using the 
moments integrals and using curve fits is an indication that the Maxwellian model is not 
good for the spectrum in question.  According to Newell and Meng [1988], the cusp 
corresponds to the region of highest electron and ion density, between 1342:47 and 
1343:15 UT. Where the counts are sufficiently great (i.e., in the cusp), the agreement 
between the integral and Maxwellian fit determinations of electron density and 
temperature is good at times (Figure 8).  In contrast, within the cusp the agreement 
between the integral and Maxwellian fit determinations of the ion density and 
temperature is poor (Figure 8).   
 
Where the ion agreement is poor, as at 1343:08 UT in the cusp, the ion spectra are poorly 
represented by Maxwellians due to their low energy cutoff (Figure 9) characteristic of 
recently-opened field lines [Newell and Meng, 1995].  Where the results agree reasonably 
well, as at 1342:00 UT in the ions and 1343:08 UT in the electrons, the spectra are 
adequately represented by Maxwellians, though there is still a low energy ion cutoff 
downstream in the cusp plume (Figure 9). The moments calculated using the integrals are 
generally smoother, which is one indication of a more reliable calculation, and are not 
model-dependent, which is often a pitfall for a curve fit. These results represent a 
successful partial validation of our implementation of the moments algorithm, including 
the proper handling of physical units in the conversion of flux to moments. 
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Figure 8. Density and temperature moments from the DMSP flux measurements shown in Figure 7.  
The dotted lines represent moments calculated from two-parameter Maxwellian fits to the spectra, 
and the green lines represent the moments calculated using the integrals. 
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Figure 9. Sample spectra from 1342:00 UT (ions) and 1343:08 (electrons and ions) showing measured 
velocity distributions (white) and two-parameter Maxwellian fits to these distributions (red). 
 
LANL MPA Proxy Data 
 
The GOES-R moments and spacecraft charging algorithm is based on the moments 
algorithm for the LANL MPA instrument flying on geosynchronous satellites [Bame et 
al., 1993; McComas et al., 1993; Thomsen et al., 1999]. Therefore, a comparison of the 
moments calculated by LANL and moments calculated using the GOES-R algorithm on 
subsampled MPA data is in order.  LANL produces CDF files that contain both the 
complete ion and electron distributions at 86-s intervals and the moments calculated from 
them.  Dr. Michelle Thomsen of LANL has provided some CDF files as well as much 
assistance in using the data and understanding the LANL moments algorithm.  We chose 
to derive proxy data from the MPA instrument on LANL-02A because all of its channel 
electron multipliers function (providing more angular samples) and it has the complete 
energy range due to properly functioning high-voltage power supplies.   
 
The MPA FOV integrated over a spin cycle resembles a torus that is symmetric about an 
axis pointing to the center of the earth [McComas et al., 1993].  Therefore, it has a hole 
where the MPS-LO FOV would be.  This requires that the MPA data be subsampled by 
pitch angle rather than by physical overlap.  The pitch angles of the MPA data are 
calculated using the symmetry axes of the particle distributions derived by eigenanalysis.  
The electron symmetry axes are generally more dependable (less noisy) [Thomsen et al., 
1999], but not always, so we use the ion or electron symmetry axes based on which has a 
smaller variance within a ten-sample (860 s) window. 
 
An example is shown from 26 October 2003, a quiet day (Kp between 1 and 2+ until the 
last six hours when it was 3+ and 4-) with some spacecraft charging (Figure 10).  The 
electron and ion symmetry axes are shown in Figure 11, along with the derived center 
pitch angles for the proxy MPS-LO zones.  
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Figure 10. Spectrograms of spin-averaged electron and ion energy differential fluxes measured by 
the LANL MPA instrument on 26 October 2003.  The horizontal axis represents universal time.  The 
vertical axis represents the energies of the particles in electron volts (eV).  The color scale represents 
the base-10 logarithm of the energy flux in units of eV cm-2 s-1 sr-1 eV-1.  MPA data provided courtesy 
of M. Thomsen, Los Alamos National Laboratory. 
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Figure 11. Ion and electron symmetry axes derived from LANL-02A MPA fluxes measured on 26 
October 2003, and the proxy pitch angles derived from them.  In the top and middle panel, the white 
trace indicates the symmetry axis for the given species and the green trace indicates the ‘best’ 
symmetry axis determined by taking the axis with the lowest variance in a 10-sample (~860 s) period. 
 
The density and temperature moments for 26 October 2003 are shown in Figure 12 for 
ions and in Figure 13 for electrons.  The anisotropy measure A is also shown.  Three 
separate calculations are represented:  the original LANL moments calculated using the 
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full resolution data; moments calculated using the GOES-R algorithm with proxy data at 
full energy range and resolution and degraded angular resolution; and GOES-R moments 
calculated from proxy data with degraded energy range and resolution and degraded 
angular resolution. 
 
The similarity between the LANL-calculated ion moments and those with full energy 
range and resolution but degraded angular resolution indicates that the angular resolution 
does not drive performance in this case (Figure 12).  Significant discrepancies are evident 
in the temperatures and anisotropy measure, but not the number density, when the upper 
end of the energy range is reduced from 40 keV to 30 keV.  (The lower end of the energy 
range is 130 eV in all three cases.)  The reason for this is that the number density is 
dominated by the lowest energy ions, but the temperature is strongly affected by the 
highest energy fluxes.  The 30-40 keV range measured by MPA but not MPS-LO is 
characterized by ring current fluxes that will raise the partial temperature if they are 
included (see Figure 10 and Figure 14). 
 
In contrast, the electron moments show larger discrepancies between the LANL-
calculated moments (30 eV – 40 keV) and the two proxy sets (30 eV – 30 keV) (Figure 
13).  The lower end of the energy range is 30 eV in all three cases.  An example of a 
quiet-time spectrum from 1211:56 UT is shown in Figure 14.  If the arguments used to 
explain the ion moment similarities and differences are correct, then the electron 
moments should agree very well because the electron density and temperature 
contribution between 30 and 40 keV should be negligible.  Based on Figure 14, the 
discrepancies seem to be due rather to the proxy fluxes being systematically low.  This 
could be due to a real angular sampling difference in the electron fluxes that is not 
present in the ion fluxes, or an artificial sampling difference introduced at some point in 
the creation of the proxy data. 
 
Results of the spacecraft charging algorithm are shown in Figure 15.  The example used 
is the set of measurements from 2 November 2003, shown in Figure 3.  The top panel 
shows the identification of the potential barrier (differential charging signature) in the 
electron fluxes for both the MPA and MPS-LO energy resolution.  The differences 
between the two are minor.   
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Figure 12. Ion moments from LANL-02A MPA, 26 October 2003.  The black traces are the moments 
from the CDF file, calculated by LANL.  The orange traces represent the moments calculated from 
proxy data with MPA energy resolution and MPS-LO angular resolution.  The gree traces represent 
the moments calculated from proxy data with MPS-LO energy and angular resolution.  The numbers 
at the upper right of each panel represent the lower quartile, median and upper quartile of the 
absolute differences between the LANL moments and the proxy moments (color-coded). 
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Figure 13. Electron moments from LANL-02A MPA, 26 October 2003.  The black traces are the 
moments from the CDF file, calculated by LANL.  The orange traces represent the moments 
calculated from proxy data with MPA energy resolution and MPS-LO angular resolution.  The gree 
traces represent the moments calculated from proxy data with MPS-LO energy and angular 
resolution.  The numbers at the upper right of each panel represent the lower quartile, median and 
upper quartile of the absolute differences between the LANL moments and the proxy moments 
(color-coded). 
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Figure 14. Spin-averaged ion and electron differential energy flux spectra from 26 October 2003, 
1211:56 UT.  The white diamonds represent the MPA data and the green asterisks represent the 
subsampled proxy data.  Note that energy flux is a scaling of number flux that is linear with energy.  
Therefore, the highest energies are emphasized in energy flux. 
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Figure 15. Estimates of spacecraft charging on LANL-02A from 2 November 2003 (see Figure 3 for 
the spectrogram of the fluxes).  The upper panel shows the barrier potential calculated from the 
electron fluxes.  The green trace is at MPA energy resolution and the blue trace is at MPS-LO energy 
resolution.  The lower panel shows the negative of the frame potential derived from the ion data or 
from the electron temperature moment.  The blue diamonds represent the potential derived from the 
ion line in the proxy data.  The green triangles represent the potential derived from the electron 
temperature from the proxy data.  The red line represents the potential from the LANL CDF file. 
 
The bottom panel of Figure 15 shows three separate determinations of the frame 
potential: the original LANL results, the identification of the ion line from the proxy data, 
and the estimate using the electron temperature from the proxy data in the absence of an 
automatically-detectable ion line.  One important difference between the LANL and 
proxy results is that the LANL estimation combines two partial moments: the 30 eV – 40 
keV temperature, and an estimate of the cold electron density derived from the 1-100 eV 
ion density, which GOES-R will not have.  Despite these differences, the results are in 
reasonable agreement.  Again, as emphasized elsewhere in this ATBD, the relation 
between electron temperature and frame potential will have to be evaluated anew for 
GOES-R. 
 
Partial Moments from GOES-13 MAGED Electron Fluxes and Magnetometer-derived 
Pitch Angles. 
 
The GOES-R moments algorithm has been used to calculate partial moments from the 
30-600 keV electron fluxes measured by the MAGED instrument on GOES-13. Pitch 
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angles derived from the three-axis fluxgate magnetometer on GOES-13 have been used in 
these calculations. The physical behavior of one year of GOES-13 density and 
temperature with respect to solar wind speed and solar wind number density has been 
studied in depth by Hartley et al. [2014].  Recognizing that the temperature moment is 
inversely proportional to number density, this paper also studied the behavior of energy 
density (the product of number density and temperature).  For details, please refer to this 
paper. 
 
Relativistic Electron Moments from GOES 
 
As a proxy set for the highest energy electrons, we derive differential fluxes from the 
GOES 14 EPEAD integral electron channels.  Because of the large EPEAD FOVs, these 
fluxes are assumed to be omnidirectional.  However, the essential need for testing the 
relativistic moments integrals is satisfied 
 
The process and results are captured in Figure 16.  The proxy data are from the period 
from 6 April through 11 April 2010. The top panel shows the magnitude of the magnetic 
field from the GOES 14 magnetometer.  The second panel shows the integral electron 
fluxes in the >0.8, >2 and >4 MeV channels from EPEAD.  This period was chosen 
because the >4 MeV fluxes rose above background shortly before 12 UT on 6 April.  
Using the non-linear maximum likelihood retrieval method of O’Brien [2010], we fit the 
weighted sum of a relativistic Maxwellian, a power law and an energy exponential to the 
integral flux measurements using the full energy-dependent geometrical factors.  The 
third panel shows the results of this fit: differential fluxes at fixed energies.  The weights 
for each analytical form are plotted in the fourth panel.  This shows that, after the >4 
MeV fluxes rise above background, the relativistic Maxwellian dominates, the energy 
exponential contributes significantly, and the power law does not contribute at all to the 
fit.   
 
The fifth panel provides the validation of the relativistic moments integrals.  The partial 
number density and temperature from the relativistic Maxwellian fit are plotted in black 
and orange, respectively.  The density and temperature from the moments integrals are 
overplotted using purple dotted lines.  The number density from the fit shows the diurnal 
variation from the weighting applied to the Maxwellian, while the number density from 
the integral does not exhibit as pronounced a diurnal variation.  The two curves agree 
well when the relativistic Maxwellian weighting is maximum.   
 
The partial temperatures calculated from the fit and from the relativistic integral agree 
well and do not exhibit a diurnal variation.  This type of behavior was also observed by 
Cayton et al. [1989] in relativistic Maxwellian fits to omnidirectional averages of LANL 
electron measurements.  This lack of a diurnal variation is also apparent in the phase 
space densities at fixed values of the first adiabatic invariant that are derived from the 
differential flux fits and measured magnetic field magnitude (bottom panel). 
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Figure 16. GOES 14 magnetometer (top panel) and EPEAD electron integral flux (2nd panel) 
measurements from 6-11 April 2010.  The third panel shows the differential fluxes fit to the integral 
flux using a sum of relativistic Maxwellian, power law, and energy exponential analytical forms, 
whose weights are shown in the fourth panel.  The partial number density and temperature from the 
relativistic Maxwellian fit (solid lines) and the moments integrals (dotted lines) are shown in the 
fourth panel.  The bottom panel shows the phase space density at fixed values of the first adiabatic 
invariant. 
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5.0 PRACTICAL CONSIDERATIONS 
 

5.1 Numerical Computation Considerations 
The approximations to the moments integrals are defined in section 3.  The quadrature 
method has been adapted from the LANL algorithm [Thomsen et al., 1999] and found to 
be more accurate than a higher-order method that assumes a linear variation between 
points as opposed to step changes. 
 
The estimation of spacecraft surface charging level (MPS-LO only) is iterative, involving 
moments of an omnidirectional average of the measured electron distribution.  The 
number of iterations is limited by a tolerance and a maximum number of iterations, 
whichever is reached first. 
 
The units of the physical quantities in this algorithm (both calculated and constant) are in 
the centimeter-gram-second (cgs) system, with the additional use of the kilo-electron-volt 
(keV) for the kinetic energy and rest masses of the particles as well as their temperatures.  
The use of cgs units is customary in the field.  Because the energy range is so wide, one 
will often see eV or MeV in the literature for the lowest or highest energy ranges.  We 
use keV throughout to avoid an obvious potential source of error in the calculations and 
for consistency with the units of the input fluxes.  However, be aware that fluxes or 
temperatures from other sources may be expressed in terms of eV or MeV.  See Table 9 
for a selection of quantities and their units. 
 
Table 9. Units of selected physical quantities used in the Moments algorithm. 
 
Physical Quantity Units 
Particle kinetic energy and rest mass keV 
Velocity cm s-1 
Momentum keV s cm-1 
Differential directional number flux cm-2 s-1 sr-1 keV-1 
Differential directional energy flux keV cm-2 s-1 sr-1 keV-1 
Velocity distribution s3 cm-6 
Multiplicative factor to convert from number 
flux to velocity distribution 

g s2 cm-2  • (1.602 x 10-9 keV/erg) 

Phase space density keV-3 s-3 
Multiplicative factor to convert from number 
flux to phase space density 

cm2 keV-2 s-2 

Number density cm-3 
Temperature (kT) keV 
Anisotropy unitless 
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5.2 Programming and Procedural Considerations 
The algorithm is implemented in an object-oriented fashion.  In the first version, the 
MPS-HI and MPS-LO algorithms are not coupled.  However, in the event that they are 
coupled after on-orbit validation, the MPS-HI moments should be calculated first. 

5.3 Quality Assessment and Diagnostics 
See Table 6 and Table 7 for a list of the quality flags set by the algorithm. 

5.4 Exception Handling 
It is assumed that bad or missing flux values are indicated by a standard fill value.  In any 
energy channel (for a given species), i.e. in a pitch-angle distribution at constant energy, 
at most one flux value may be missing, or the moments are not calculated for that species.  
If the missing flux value is at the lowest or highest pitch angle, the fill value is replaced 
by its nearest neighbor for calculating the moments.  Otherwise, it is replaced by the 
linear interpolation (vs. pitch angle) of its two neighbors.   
 
If a telescope or zone is known to have problems (like GOES 15 MAGED Telescope 7 
during 2010), the algorithm can be forced to omit it from the calculation regardless of 
whether fill values are used.  This choice is indicated by flags in the telescope or zone 
calibration table.  This is a serious condition that may amount to a failure of the 
instrument.  Even an occasional missing flux value is a problem, and the ability to handle 
it adds significant complexity to this algorithm.  A more serious failure than the situations 
envisaged here is out of the scope of this development and will have to be dealt with 
specifically if it arises. 

5.5 Algorithm Validation 
Prior to delivery, the best validation of the algorithm itself comes from the comparison 
with LANL moments shown in section 4.  This work shows that, when processing the 
same event with fluxes measured by a different instrument, the results will be similar, 
with differences explained mostly by the different energy ranges and resolutions of the 
instrument. 
 
The best opportunity for validating the algorithm prior to the launch of GOES-R has been 
to use it to calculate partial moments from GOES 13-15 MAGED and MAGPD.  The 
physical behavior of one year of GOES-13 electron moments has been studied in depth 
by Hartley et al. [2014]. 
 
Ultimately, the moments are only as good as the fluxes.  Therefore, any effort to validate 
the Moments algorithm will by necessity involve the validation of the fluxes. 
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6.0 ASSUMPTIONS AND LIMITATIONS 

6.1 Performance 
The nature of the measurement precludes any accurate calculation of the first-order 
velocity moment, the drift velocity.  Therefore it is assumed to be identically zero.  The 
one possible exception to this is the ion flow velocity in the magnetosheath or low-
latitude boundary layer, which comprise about 0.7% of geosynchronous measurements 
[McComas et al., 1993].  In these regions, the drift velocity would be comparable to or 
greater than the mean thermal velocity. 
 
Due to sparse angular sampling, we must assume that all variation is in pitch angle (i.e., 
gyrotropy) and energy, ignoring azimuthal variations.  This precludes any determination 
of velocity in the magnetosheath from MPS-LO data except along the field line.   
Because of the relative sparseness of MPS-HI pitch angle sampling, the MPS-HI PAD is 
forced to be symmetric about 90 deg. 
 
MPS-LO does not distinguish p+ from other ions (e.g., O+).  This is true of all 
electrostatic analyzers (e.g., LANL MPA).  This will present an issue for measuring the 
ring current during disturbed periods.  However, the gap in energy coverage between 
MPS-LO and MPS-HI ion measurements may present a more serious problem.  This is 
one reason why the algorithm is producing partial moments; their accurate combination 
in a ‘total’ moment will depend on the conditions being measured. 
 
The spacecraft charging algorithm assumes an idealized (spherical) spacecraft sheath.  
This is the assumption that the LANL moments algorithm makes [Thomsen et al., 1999].  
It is probably the only practical approach for a near-real time operational algorithm.  
Depending on spacecraft geometry near the MPS-LO, pitch angle distributions could be 
distorted by spacecraft charging, both total and differential.  The full magnitude of this 
error will be unknown.    
 
This error-prone situation is flagged so that the user can be appropriately cautious in 
using the moments.  Quality flags (Table 6 and Table 7) identify whether the ion line has 
been identified, whether the spacecraft potential has been calculated using electron 
temperatures, and whether trapped secondary electrons or photoelectrons have been 
removed.   

6.2 Assumed Sensor Performance 
The following assumptions are made about sensor performance and characterization: 
 
1. MPS-LO, MPS-HI and MAG will meet their performance requirements.  Implicit in 
this is the assumption that the MPS-HI channels will be sufficiently narrow to be 
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accurately represented as differential channels.  This is not an issue for the MPS-LO 
channels. 
 
2. The reported MPS-HI channel centers and geometrical factors will be derived from 
“bowtie” analysis, in order to minimize the uncertainty due to spectral variability. 
 
3. Sensor characterization data used by the Moments algorithms reside in calibration 
processing parameter files and telescope / zonal calibration files with standardized names 
that are distinguished by version number. 
 
4. One-minute averages of the GOES-R MAG magnetic field will be available in real-
time in spacecraft body reference frame (BRF) coordinates with the same time stamp. 
 
5. The spacecraft eclipse flag required for EXIS processing (flare detection) will be 
available to the moments algorithm as well. 
 

6.3 Pre-Planned Product Improvements (P3I) 
The suggested improvements here are best addressed with on-orbit data and therefore are 
relegated for consideration to the post-launch validation phase. 

6.3.1 Validation of Spacecraft Potential Estimate based on Temperature 
Determination of spacecraft potential using moments requires validation against the 
direct (‘ion line’) method during the post-launch validation phase.  A direct observation 
of the ‘ion line’ is not always possible (since it requires a sufficiently dense population of 
cold ions).  The inferred method depends on a statistical relation between moments 
(temperature) and the ‘ion line’ signature.  Separate relations are derived for eclipse and 
non-eclipse conditions.  As noted in section 3.4.2, the correlation between electron 
temperature and spacecraft charging needs to be evaluated after launch for each GOES-
R+ satellite.  It is not expected that even the functional relation developed for the LANL 
satellites will be the same for GOES-R, let alone the coefficients. 
 
The relation that is currently implemented was derived using the partial moments from 
the LANL instrument that is equivalent to the MPS-LO.  There may be an improvement 
in the correlation if a combined temperature from the MPS-LO and MPS-HI is calculated.  
The current code for the MPS-LO moments and spacecraft charging has input variables 
for the MPS-HI parallel and perpendicular temperatures, from which it can calculate an 
omni-directional average temperature.  However, the current version sets these variables 
to zero since any improvement in the correlation needs to be validated before the MPS-
LO and MPS-HI moments calculations are linked in this manner with the associated 
complications. 
  



NOAA/NESDIS/NCEI ALGORITHM THEORETICAL BASIS DOCUMENT 
Version: 1.2 

Date: February 18, 2016  
SEISS.19 Density and Temperature Moments 
and Level of Spacecraft Charging Page 64 of 73 
 

Hardcopy Uncontrolled 

6.3.2 Deriving Field-Aligned Flow Velocity in the Magnetosheath 
Once we have measurements in the magnetosheath from GOES-R+, it may be 
worthwhile to explore deriving the field-aligned flow velocity from the MPS-LO 
measurements.   The field-aligned proton velocity may be determined from the first-order 
moment integral: 

 ( ) ( ) ( ) dvdvvf
n
mv vpara aaaaπ sincos,2 3∫=  (41)  

If the field-aligned flow velocity can be successfully calculated, it can then be explored 
whether accounting for it would significantly affect the calculation of the temperature.  
Proxy data derived from the LANL MPA cannot be used to test this possibility because 
there is a ‘hole’ in the MPA angular coverage where the MPS-LO angular coverage 
would be, and vice versa.  In the work of McComas et al. [1994], none of the four 
viewing quadrants (north, south, west, and east) is directed radially outward like MPS-
LO. Proxy data from other missions could be misleading if they are not measured near L 
= 6.6 during a strong compression event that could cause a geosynchronous 
magnetopause crossing. 

6.3.3 Estimating Cold Ion Density from the Ion Line 
A cold ion density can be derived from the counts in the ion line [DeForest, 1972]. The 
quality of this calculation is affected by the energy resolution of the instrument.  It would 
require some assumption about the temperature of the cold ion population.  Depending on 
the nominal center energy and energy width of the channel in which the ion line is 
observed, there will be mixing of the < 100 eV and > 100 eV populations in the ion line.  
A successful estimate of the cold ion density may require successful partitioning of the 
ion line counts between the two populations, which in turn could be used to better 
estimate the >100 eV ion moments in the presence of spacecraft charging. 

6.3.4 Combined Partial Moments 
As discussed above, there may be a desire to combine the partial moments from the three 
energy ranges produced by the algorithm. Partial moments can be combined as follows: 

 ∑=
i

inn  (42)  
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∑
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n
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where i is the energy range.  The second expression is derived from the observation that 
partial energy densities (nT, keV cm-3) add, not temperatures. 
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APPENDIX A. OVERVIEW OF PARTICLE DISTRIBUTIONS 
 
The calculation of moments involves particle fluxes and their conversion to velocity 
distributions or phase space densities.  The purpose of this appendix is to provide a brief 
introduction to the subject for those unfamiliar with the subject, as well as a ready 
reference to various useful expressions.  The conversions from one unit system to another 
are particularly helpful in the context of this algorithm. 
 
The calibration of the MPS-LO and MPS-HI instruments enables the measured count 
rates to be converted to differential directional number fluxes, j, by the Level 1b 
algorithms.  Ideally, such fluxes are differential in energy and in direction, though in 
practice the instruments average the measured fluxes over finite energy channels and 
angular zones.  In the energy range covered by MPS-LO and MPS-HI, differential 
directional number fluxes are typically expressed in units of particles s-1 cm-2 sr-1 keV-1 
(for example, see the SEISS PORD).  We refer to this quantity simply as “differential 
flux” throughout this ATBD. 
 
Velocity moments are calculated from particle velocity distributions in the non-
relativistic limit.  Therefore, we have to convert the measured differential fluxes to 
velocity distributions.  For MPS-HI electrons, because a relativistic treatment is required, 
we need to use the equivalent momentum distribution or phase space density. 
 
The phase space density is the ratio of the differential flux to the square of the momentum 
of the particles [Roederer, 1970, p. 89; Onsager et al., 2004]: 

 
2p
jFp =  (44)  

The units of relativistic phase space density in this algorithm are keV-3 s-3. 
 
In the relativistic case, the momentum p of a particle is given by the expression 

 vmp oγ=  (45)  

where gamma is given by: 
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+=
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=γ  (46)  

The momentum can be expressed therefore in terms of the kinetic energy as follows: 

 EcmEcp o
2222 2+=  (47)  
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where c is the speed of light in vacuum, E is the kinetic energy of the particle, mo is the 
rest mass and moc2 is the rest energy of the particle.  
 
The velocity distribution can be derived from the momentum phase space distribution 
relativistically as follows [Synge, 1957, p. 17]: 

 
pov Fmf 53γ=  (48)  

Therefore, using the relativistic expression for momentum, the velocity distribution is 
related to the measured differential flux as follows: 

 ( ) ( )ik
i

o
ikv Ej

v
mvf ,2

3

, aγa =  (49)  

Since the kinetic energy is the independent variable in the measurements, the velocity in 
this expression has to be calculated relativistically as well: 

 








−= 2

22 11
γ

cv  (50)  

It is incorrect to use a relativistic velocity distribution in a non-relativistic moment 
integral.  This results in a substantial overestimate of both density and temperature. 
 
In the non-relativistic case, where E is much less than moc2, γ ≈ 1 and the velocity can be 
calculated from the kinetic energy as: 

 

om
Ev 22 =  (51)  

And, of course, the non-relativistic velocity distribution simplifies to: 

 ( ) ( )ik
i

o
ikv Ej

v
m

vf ,2, aa =  (52)  

The units of the non-relativistic velocity distribution in this algorithm are s3 cm-6. 
 
An isotropic, non-relativistic Maxwellian velocity distribution with zero drift velocity is 
given by [Chapman and Cowling, 1970, p. 69] 
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=

kT
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kT
mnfv exp

2

2/3

π
 (53)  

A bi-Maxwellian distribution has different parallel and perpendicular temperatures [Hill 
and Reiff, 1977]: 
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The phase space density for a relativistic, isotropic Maxwellian distribution is given by 
[Jüttner, 1911; Synge, 1957, p. 36; Cayton et al., 1989; Cubero et al., 2007]: 

 

( ) ( ) ( ) 





−=

kT
E

KkTm
ncF
o

p exp
exp

1
4 2

2 βββπ
 (55)  

where E is the kinetic energy of the particle, mo is the rest mass, n is the number density, 
c is the speed of light, T is the temperature, k is Boltzmann’s constant, and β is the rest 
mass (in energy units) divided by kT: 

 

kT
cmo

2

=β  (56)  

K2 is the modified Bessel function of the second kind of order 2. 
 

APPENDIX B. EVALUATION OF MOMENTS FOR MAXWELLIAN 
DISTRIBUTIONS 
 
The purpose of this appendix is to show that the moment integrals give number density 
and temperature for a Maxwellian distribution.  For simplicity, we just treat the isotropic 
case. 
 
For the non-relativistic case, the density and temperature of an isotropic distribution are 
given by: 

 ( ) dvvvfn v
24 ∫= π  (57)  
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 (58)  

The Maxwellian velocity distribution is given by: 

 






−






=

kT
E

kT
mnfv exp

2

2/3

π
 (59)  

The following definite integral [Gradshteyn and Ryzhik, 1980, 3.461 2] can be used to 
solve for both n and T: 
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With these identities, it is straightforward to show that the zeroth and second velocity 
moments give number density and temperature, respectively. 
 
In the relativistic case, the density of an isotropic distribution is given by 

 ( ) dpppFn p
2,4 ∫= aπ  (63)  

and the distribution-weighted energy from which temperature is derived is given by 

 ( )∫= dpppEF
n

E pT
2,

3
8 aπ  (64)  

The relativistic Maxwellian phase space density is given by: 
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 (65)  

As a function of momentum and rest mass, kinetic energy is given by: 

 ( ) 22222 cmcpcmE oo −+=  (66)  

By making the following change of variables,  

 ( )1222 −= xap  (67)  

the number density and energy integrals (omitting constants in front) can be rewritten as  

 ( ) ( ) ( )dxxxxadp
kT

Ep ββ −−=





 − ∫∫ exp1expexp 2/1232  (68)  
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where a = moc and β = moc2/(kT). 
 
It can be seen that these are Laplace transforms. The following transform [Erdélyi et al., 
1954, p. 138, eqn. 11],  

 

( ) ( ) ( )asK
s
bdxsxbx ν

ν
ν

π

ν














 +Γ

=−−∫
∞

− 22
1

exp 2/1
0

2/122  (70)  

(where Kν is the modified Bessel function of the second kind of order ν), 
combined with the property of Laplace transform pairs {f(x), g(s)} that 
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can be used to solve the above integrals.  (Recurrence formulas for modified Bessel 
functions of the second kind and their derivatives are employed in this solution.) The 
result confirms that the relativistic number density integral stated above indeed gives the 
correct number density, and that the integral ET for a relativistic Maxwellian distribution 
gives 

 ( )
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To find the expression for ET in the non-relativistic limit, one takes the asymptotic 
expansions of large argument for modified Bessel functions of the second kind (large β 
corresponds to kT << moc2).   
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To get the correct result, the second term in the expansions must be included.  Applying 
the binomial expansion theorem, the result in the non-relativistic limit is that ET = kT.  
See Figure 6 for a comparison of the relativistic and non-relativistic forms as a function 
of β. 
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APPENDIX C. DERIVATION OF MOMENTUM TERMS IN 
RELATIVISTIC TEMPERATURE SOLUTION 
 
Taking the isotropic case for simplicity of presentation, the relativistic temperature 
integral is approximated as 
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The momentum term is the difference of two integrals, the second of which is 
straightforward to solve.  The solution of the first integral can be found in Gradshteyn 
and Ryzhik [1980, 2.272 1]: 

 ( ) ( ) ( ) ( )[ ]2/122/1
2/3

22/122/32
2/122 ln

8
1

8
1

4
1 bxaxb

b
a

b
bxaax

b
bxaxdxbxax ++−

+
−

+
=+∫  (76)  

Therefore, after some manipulation, the indefinite integral to be evaluated at the limits of 
the momentum bin is given by 
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This expression has units keV4 s3 cm-3. The groupings of the rest mass moc2 (expressed in 
keV), along with p in keV s cm-1 and c in cm s-1, are intended to make the units 
conversion straightforward in the temperature computation 
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